IJCAI 2005 Workshop on Planning and Learning in A Priori Unknown or Dynamic Domains

V. Bulitko & S. Koenig (eds.)

Modeling and Planning in Large State and Action Spaces
Mykel J. Kochenderfer and Gillian Hayes
Institute of Perception, Action and Behaviour
School of Informatics, University of Edinburgh
Edinburgh, United Kingdom EH9 3JZ
m.kochenderfer@ed.ac.uk, gmh@inf.ed.ac.uk
Abstract

Processes

This paper introduces a general framework that
integrates incremental model learning and reactive plan construction for real-time control of an
agent situated in a stochastic world. This system
is designed to achieve competent performance in
continuous-time problems involving large or infinite state and action spaces. In order to learn
and plan in such domains effectively, experience
must be generalized over time, state, and action.
This system achieves generalization by incrementally adapting a discretization of the state and action spaces as the agent gains experience and refines its plan. In contrast with other approaches,
the framework presented in this paper makes no
assumption about the representation of the state
space, making it broadly applicable across relational and continuous-valued domains. The mechanism of this framework is illustrated on an artificial
problem.
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Figure 1: A high-level view of AMPS showing the four processes and the four data structures.
The primary contribution of this paper is a method for incrementally adapting the partitions of the state and action
spaces by splitting and merging regions. One of the methods for splitting regions in AMPS is inspired by the work of
Uther and Veloso [1998] where regions of the state space are
split when there are observed differences in utility for different states within the same region. Another method for
splitting regions in AMPS is inspired by the PARTI -G AME
algorithm [Moore and Atkeson, 1995]. In PARTI -G AME and
AMPS, the agent detects when it has become “stuck,” meaning that the repeated application of the same action is not
likely to achieve success in transitioning out of the current
region. Both PARTI -G AME and AMPS use this information
to refine their discretization. In AMPS this is known as failure revision. In addition to splitting regions, AMPS merges
regions when possible, which is not typically done in other
discretization algorithms.
AMPS is composed of four processes and four data structures as illustrated in Figure 1. The Map Revision process
splits and merges regions of the state and action spaces. The
Experience Revision process maintains past experience. The
Action Selection process makes control decisions. The Plan
Revision process incrementally improves the plan. These
processes read from and modify the Map, Experience, Model,
and Plan data structures.
The next section defines the problem under investigation,
followed by a description of the data structures and processes

Introduction

This paper presents the “Adaptive Modeling and Planning
System” (AMPS), a general framework for integrating incremental model learning and reactive plan construction for realtime control of an agent situated in a stochastic world. Under consideration are problems with large or infinite state and
action spaces where individual actions operate in continuous
time. The agent has no prior knowledge of the dynamics of
the world or its task. The objective of the agent is to use
the experience it gains through interacting with the world to
maximize its expected discounted reward.
In order to make problems with large or infinite state spaces
tractable, AMPS partitions the state space into regions and
treats all states in the same region collectively. Since the action space is also large or infinite, AMPS also partitions the
action space into regions and treats all actions from the same
region identically. AMPS incrementally refines its partition
of the state and action spaces by splitting and merging regions of the state and action spaces to arrive at a model that
is consistent with its experience and conducive to building a
successful reactive plan.
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involved in AMPS. We then present our experiments and results. We conclude with comparisons to related work and a
discussion of further research.
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state
space

Problem Statement

The class of problems considered in this research involves an
agent situated in a world. The agent continuously (or at high
frequency) observes and acts in this world. At any point in
time, the agent is in exactly one state belonging to a potentially infinite set S and the agent may execute exactly one
action from a potentially infinite set A. Actions may be durative meaning that they may be interrupted at any time (e.g.
“rotate left at 1 rad/s”) or ballistic meaning that they return
control to the agent after some amount of time (e.g. “rotate
left 1 rad”).
The experience of the agent may be recorded as a sequence

action
space

Figure 2: Associated with each region of the state space is a
different partition of the action space.
π ∗ (n) = arg max Q(n, u, n0 )
a

s1 , a1 , t1 , f1 , r1 , s2 , a2 , t2 , f2 , r2 , . . .
where

where sk is the state at the kth sample, ak is the action taken
after the kth sample, tk is the time spent between sample k
and k + 1, fk indicates whether a failure was encountered
after the kth sample, and rk is the reward received after the
kth sample. The objective of the agent after sample k is to
maximize its expected discounted reward,
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The value function V (n) is the expected discounted reward
given that the agent starts in region n and follows an optimal
policy. The expected discounted reward given that the agent
starts with a transition from n to n0 by actions in u and then
follows an optimal policy is given by Q(n, u, n0 )/P (n0 |n, u),
a value that will be used in the map revision process described
in Section 4.1.
The agent has no prior knowledge of N , U , P , Pt , or Pr .
AMPS incrementally adapts its partitioning of the state and
action spaces and revises its estimates of P , γ, and R accordingly. As these estimates are revised, AMPS uses prioritized
value iteration to improve its reactive plan.

k=0

Pk

where σk = i=1 tk and β ∈ (0, ∞) is the continuous compound discount rate. Discounting the reward pressures the
agent to aggressively pursue reward.
AMPS is expected to perform well on problems that are
modeled sufficiently well by a semi-Markov decision process
[Puterman, 1994]. It is assumed that S may be partitioned
into a finite set of regions N and for each region n ∈ N there
exists a partition of A into regions U (n) such that the transitions, reward, and failures are determined by fixed probability
distributions:
• P (·|n, u) is the probability distribution over the regions
transitioned to after starting in n and continuously applying actions in u.
• Pt (·|n, u, n0 ) is the c.d.f. for the time required to transition from n to n0 by continuously applying actions in
u.
• Pr (·|n, u, n0 ) is the c.d.f. for the lump sum reward received after transitioning from n to n0 by continuously
applying actions in u.1
If N , U , and these probability distributions are known, then
the optimal value function, V ∗ , and optimal reactive plan, π ∗ ,
satisfy:
V ∗ (n) = max Q(n, u, n0 )
(1)

3

Data Structures

The four data structures in AMPS store information about
state and action regions, observations, world models, and
plans. These data structures are manipulated by the processes
described in the next section, and changes in one data structure can result in changes in another data structure. Of the
four data structures, the Map is the most significant and so
most of the following discussion will focus on it.

3.1

Map

The Map data structure maps states and actions to regions and
adapts this mapping by splitting and merging regions. The
map partitions the state space into a finite set of state regions,
N . Associated with every state region is a finite partition
of the action space, as illustrated in Figure 2. Let U be the
set of all action regions defined across all state regions. The
computational mechanism implementing the Map should be
such that mapping from S → N and N × A → U is efficient.

u

1

Other SMDP models considered in the literature [Bradtke and
Duff, 1995] involve reward that is accumulated at some constant rate
as opposed to lump sum rewards following transitions. In this paper
we will only consider lump sum rewards, although AMPS can easily
be extended to handle reward rate models.
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The representation used by the Map must allow the Map
Revision process to split and merge regions. The Map implements the following functions to support revision:

V. Bulitko & S. Koenig (eds.)

In the experimental domain described later, the state and
action space requires a representation in the form of a vector of real values. The separator used in the experiments was
designed to run in time linear with respect to the number of
samples. The function returns the condition that best separates the points along some axis-parallel hyperplane according to information gain [Shannon, 1948].
It should be noted that the mechanism for partitioning the
state space does not have to be the same mechanism for partitioning the action space. For example, the state space may be
partitioned using nearest-neighbor, but the action space associated with each state region may be partitioned using a
decision graph.

1. S PLIT(n, S1 , . . . , Sm ). This function splits the state region n into some number of new regions such that each
set of states S1 , . . . , Sm ⊂ S that were all mapped to
n become mapped as well as possible to separate state
regions.
2. S PLIT(u, A1 , . . . , Am ). This function splits the action
region u into some number of new regions such that each
set of actions A1 , . . . , Am ⊂ A that were all mapped to
u become mapped as well as possible to separate action
regions.

3.2

3. M ERGE(n1 , . . . , nm ). This function merges the state regions n1 , . . . , nm .

Experience

The Experience data structure keeps a record of the states and
transitions experienced by the agent and associates them with
the state and action regions managed by the Map. When state
and action regions are split and merged, the association of
past observations to regions is updated appropriately.

4. M ERGE(u1 , . . . , um ). This function merges the action
regions u1 , . . . , um belonging to the same state region.
The Map can be implemented, in principle, using any representation that supports these operations. For example, if a
distance metric may be defined between any two states and
any two actions, then a mapping based on nearest-neighbor
[Cover and Hart, 1967] may be used. There have been computationally efficient algorithms and data structures, such as
vantage point trees [Yianilos, 1993], suggested for computing
nearest neighbors without making any additional assumptions
about the representation of the space (e.g. that the space is
Euclidean).
Another representation that can be used is a decision graph.
Decision graphs are extremely well suited because they allow
regions to be split and merged very quickly, and this is the
representation used in the experiments here.
Merging regions is straightforward in a decision graph, but
splitting regions requires a mechanism called a separator that
produces the (typically binary) tests in the decision graph.
The separator produces a test based on sample states belonging to multiple categories, much like a supervised learning
classifier [Duda et al., 2000]. The test returned by the separator should be simple. The condition should not be, for example, an entire decision tree, a neural network, or a lengthy
sentence in first order logic. Instead, simple tests such as
x2 < 2.3 or ∃x ON(A, x) should be used. Simple tests are
to be combined using the decision graph to create more complex boundaries between regions.
The separator function must be engineered according to
how the state and action spaces are represented. It is interesting to note that the separator function is the only component
in the system that interacts with the state space representation
directly, enabling the system to be applied across domains
with only the separator requiring changing.2

3.3

Model

The Model data structure models state transition dynamics,
failure, and reward. Let Pf (n, u) be the probability of encountering failure when executing an action in u from region
n. This may be estimated directly from experience as can
P (n0 |n, u). Instead of estimating the c.d.f.s Pt and Pr directly, AMPS estimates γ and R instead. The integrals in γ
and R are approximated as follows [see Kalos and Whitlock
1986, pp. 89–116]:
R∞
• 0 e−βt dPt (t|n, u, n0 ) is approximated by averaging
e−βτi where τi is the time required to make the ith transition from n to n0 by actions in u.
R∞
• −∞ rdPr (r|n, u, n0 ) is approximated by averaging the
reward received while transitioning from n to n0 by actions in u.
These approximations are used by the Plan data structure,
which is described next.

3.4

Plan

The Plan data structure maintains the value function and the
greedy policy. The estimated value function, V (n), is an estimate of the expected discounted reward starting in region n
and proceeding with an estimate of optimal behavior. The estimated greedy policy, π(n), associates with each state region
an estimate of the greedy action that maximizes the expected
discounted reward.
As can be seen in the equations given in Section 2, the
value and the greedy action associated with each state region
depend upon the value of other state regions. The Plan data
structure supports a function called U PDATE(n) that updates
the value and greedy action of state region n using Equation 1
assuming that the values of all other regions are correct. The
Plan Revision process is responsible for calling U PDATE on
state regions in response to changes in the Model and Plan.

2
Other partitioning algorithms in the literature make strong assumptions about how states and actions are represented. For example, Chapman and Kaelbling [1991] and Munos and Patinel [1994]
assume that states are represented as fixed-length binary strings, McCallum [1995] assumes an attribute-value representation, Dean et al.
[1998] assume a factored state and action representation, and Mahadevan and Connell [1992] assume that states are represented as
real-valued vectors.
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4

Processes

Simplification Revision
This type of revision merges state and action regions when
their distinction seems to be irrelevant to the task. Nongreedy action regions are merged with low priority. State regions are merged in two situations. The first situation occurs
when P (n0 |n, π(n)) ≈ 1 and π(n) ≈ π(n0 ), in which case n
and n0 are merged. Since action regions are partitioned differently in different state regions, it is necessary to define the
equivalence relation u ≈ u0 , which means that all the actions
experienced in u can be mapped to action region u0 in the
state region of u0 and vice versa. The second situation when
two state regions are merged is when P (n|n0 , π(n0 )) ≈ 1 and
P (n|n00 , π(n00 )) ≈ 1 and π(n0 ) ≈ π(n00 ). In this case, n0
and n00 can be merged. These conditions for merging are related to the S QUISH algorithm described by Nilsson [2000]
for deterministic teleo-reactive trees.

The four processes in AMPS are responsible for splitting and
merging regions of the state and action space, recording experience, selecting actions, and constructing plans. All processes are designed to be incremental and perform (relatively)
simple operations on the data structures at a frequency dependent on available computational resources.

4.1
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Map Revision

The Map Revision process is responsible for dynamically
splitting and merging state and action regions in response to
changes in the Model and Plan. If the agent has no prior
knowledge of how the state and action space should be partitioned when it commences its interaction with the world, the
entire state space is contained within a single region. Over
time, this region is incrementally refined and simplified as
experience is acquired. The objective is to find a partition of
the state and action space that has the following properties:
1. All transitions resulting from a greedy action have approximately the same estimated value.
2. The expected failure of greedy actions is minimal.
3. The partition is as simple as possible.
Different types of revision can be done to bring the Map
closer to the criteria listed above. Each type of revision is
given a priority at each region that indicates (heuristically) the
likelihood that performing that particular type of revision will
improve the Map. When the Map Revision process runs, it
will perform the highest priority revision. The Map Revision
process ignores revisions below a certain threshold so as to
not over-fit potentially noisy experience.
The three types of revision used in this system correspond
to the three criteria above, and they are are as follows:

4.2

Experience Revision

The Experience Revision process adds state and transition observations to the Experience data structure. If the state-space
is continuous and it is being sampled at a high frequency, it
is impractical to add each sample. Instead, the agent should
filter out samples that are not likely to be useful. The exact mechanism for determining significance is domain dependent, but one approach to filtering out states is to ignore all
states until the agent has transitioned to a new state that is
outside some threshold distance.
In addition to filtering out insignificant samples, the Experience Revision process is also responsible for removing old
samples from the Experience data structure. The schedule for
removing old samples depends upon memory and processor
constraints. The removal of old samples also allows the agent
to adapt to slowly changing environments.

4.3

Value Revision
This type of revision attempts to separate state-action observations that have resulted in transitions with differing estimated value. This separation can be done by splitting action regions within a state region or by splitting the state
region. Deciding whether to split by state or by action
can be done using information gain.3 The priority of performing this type of revision is proportional to a measure
of variation of estimated value. The experimental implementation separates samples involved in greedy transitions
based on whether Q(n, π(n), n0 )/P (n0 |n, u) is above or below the mean. The priority is proportional to the variance of
Q(n, π(n), n0 )/P (n0 |n, u).

Action Selection

The Action Selection process is responsible for continuously
selecting a single action to execute. This process must be extremely efficient because it is typically executed as frequently
as the agent samples the state of the world.
Usually, the agent should execute an action from the greedy
region of the current state region as computed by the policy
revision process. However, as with traditional reinforcement
learning, there are issues with balancing exploration of the
world and exploitation of the optimal policy. There have been
many techniques proposed for balancing exploration with exploitation [Thrun, 1992], any of which may be used in this
system.
As mentioned earlier, the agent is able to sense failures
when they occur. What exactly counts as a failure depends
upon the domain, but failures are generally situations where
executing the same action repeatedly will not lead to success.
In the Corner World domain described later, a failure might
be trying to push through a wall. The Action Selection mechanism uses information about past failures to better direct the
agent toward a goal.

Failure Revision
This type of revision separates states that have led to success
from those that have led to failure. The priority of this type
of revision for a state region is related to the estimated probability of failure in the Model.
3
If the Map is implemented using a nearest-neighbor classifier, it
does not make sense to make splits based on information gain since
nearest neighbor can always separate two different sets (assuming
that the same exact sample does not appear in both sets). Instead,
an approach based on cross-validation or bootstrapping would be
appropriate [Weiss, 1991].

4.4

Plan Revision

The Plan Revision process incrementally builds an optimal
plan with the assumption that the current Model is correct.
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This process calls the U PDATE(n) function supplied by the
Plan data structure, which updates the value and greedy action
region for n.
One way to arrive at an optimal policy is to repeatedly iterate through the state regions calling U PDATE until convergence [cf. Bellman 1957]. However, doing so is not likely to
be feasible in real time since the Model changes in response to
the Map Revision and Experience Update processes. Instead,
it is better to use a method related to prioritized sweeping
[Moore and Atkeson, 1993]. Prioritized sweeping was designed for solving Markov decision processes (MDPs) but it
can be easily adapted for solving the class of problems under
consideration here. The idea of the algorithm is to prioritize
updates of regions based on observed changes in the value
function from earlier updates.

5

AMPS
Clone
Teacher
Random
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Successes
mean s.d.
16.02 6.04
12.75 5.74
20.00 0.00
0.00 0.00

Disc. Reward
mean
s.d.
9.54 4.13
7.87 3.85
13.00 0.18
0.00 0.00

Table 1: Experimental results of various agents in the Corner World domain. Each experiment was repeated 100 times.
Shown above are the means and standard deviations of the
number of successes and discounted reward in each run of 20
episodes.

6

Related Work

There have been algorithms proposed that assume a discrete
action space but partition a large state space using a decision
graph such as the G-A LGORITHM [Chapman and Kaelbling,
1991] and U-T REE [McCallum, 1995]. Uther and Veloso
extended the work by McCallum to continuous state spaces
[1998] and temporally abstract actions [2003]. None of these
algorithms consider continuous action spaces.
Other techniques have been proposed for solving problems
with large or infinite state spaces that do not involve partitioning the state space into regions. For example, parameterized function approximators, such as neural networks, may
be used with traditional reinforcement learning techniques to
estimate the value function [Bertsekas and Tsitsiklis, 1996].
Doya [2000] developed a reinforcement learning framework for continuous state, action, and time that uses function
approximation. However, it assumes that the dynamics of the
system are deterministic and the state and action spaces are
represented by real-valued vectors. Smith [2002] used selforganizing maps to handle continuous state and action spaces
represented as vectors of real-values.
Other work has been done on problems with durative
actions in relational domains [Benson and Nilsson, 1995;
Ryan, 2004]. The way AMPS uses SMDPs to model durative
actions connects to work done in hierarchical reinforcement
learning [surveyed in Barto and Mahadevan 2003].

Experiments and Results

In the Corner World domain the agent starts at a random location on the starting line and maneuvers along an L-shaped
track to the finish line. The track is contained within a 10×10
meter square, and the width of the track is 1 m. Each experimental run consists of 20 episodes of this task. The continuous compound discount rate β was set to 0.01.
The state space is represented by the tuple (x, y) corresponding to the agent’s location. The agent may translate in
any direction at 5 m/s. The agent samples the environment
and makes control decisions at 5 Hz. Also at 5 Hz, the position of the agent is perturbed by an amount selected from a
normal distribution with 5 mm standard deviation.
Since AMPS has no prior knowledge about the dynamics
of the world or its task, it considers all states to be equivalent.
Hence, the agent must rely upon random exploration until it
reaches a goal. Random exploration is not practical in the
Corner World or most other interesting domains because the
state space is so large, and therefore the agent needs some
mechanism to bias it toward the relevant goal states [Whitehead, 1991]. In our experiments, we used a teacher to guide
the agent to a goal for two training episodes. These two
training episodes allowed AMPS to partition the state space
and distribute the observed reward through the model. The
teacher used in the experiments returned random actions 5%
of the time.
For comparison purposes and to control for the information gained from the noisy teacher, we trained a decision tree
based on the same teacher. The induction of the decision
tree is done by using the separator function to partition the
state space according to the actions taken by the teacher. This
sort of supervised learning of control is known as behavioral
cloning and has been successfully applied to a variety of domains including aircraft control [Sammut et al., 1992]. The
primary disadvantages of a behavioral clone is that it is entirely dependent on a good teacher and it is not able to adapt
its behavior based on its own experience in contrast to AMPS.
In our experiments, AMPS was allowed to perform a merge
or split of the state or action space at 5 Hz. Episodes terminated when the agent reached the finish line or after 100 s
without success. The results of 100 repeated experiments are
summarized in Table 1.

7

Conclusions and Further Work

This paper has introduced a real-time system that integrates
the adaptive partitioning of the state and action space and the
incremental planning over the estimated model to produce
goal-directed behavior. The system was tested on the Corner World domain and was shown to quickly learn successful
behavior in the presence of noise in the environment.
AMPS has been designed to be broadly applicable across
domains and representations. The state and action space may
be infinite, and actions may have a continuous effect on the
world and may be of variable duration. The Map data structure has been defined generically so that states and action
spaces may have any representation. The Map may be implemented using a decision graph, in which case a separator
must be defined. Alternatively, the Map may be implemented
using a nearest-neighbor classifier, in which case only a distance metric must be defined. In either case, the separator or
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[Duda et al., 2000] Richard O. Duda, Peter E. Hart, and
David G. Stork.
Pattern Classification.
WileyInterscience, 2nd edition, 2000.

the distance metric can be built to exploit the structure inherent in the state and action representation.
AMPS is currently being tested in other more complex domains and compared against other methods such as traditional
reinforcement learning with function approximation. Further
work will investigate the use of different separators and distance metrics that take into account values of previous observations, making AMPS potentially applicable to domains
where the current state is only partially observable.

[Kalos and Whitlock, 1986] Malvin H. Kalos and Paula A.
Whitlock. Monte Carlo Methods, volume 1. John Wiley
and Sons, 1986.
[Mahadevan and Connell, 1992] Sridhar Mahadevan and
Jonathan Connell. Automatic programming of behaviorbased robots using reinforcement learning. Artificial
Intelligence, 55(2–3):311–365, June 1992.
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